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Abstrat
The review summarizes present and future appliations of galaxy lus-
ters to osmology with emphasis on nearby X-ray lusters. The disus-
sion inludes the density of dark matter, the normalization of the matter
power spetrum, neutrino masses, and espeially the equation of state
of the dark energy, the interation between dark energy and ordinary
matter, gravitational holography, and the eets of extra-dimensions.
1 Basi osmologial framework
The general framework for present osmologial work is set by three obser-
vational results. The perfet Plankian shape of the osmi mirowave bak-
ground (CMB) spetrum as observed with the COBE satellite (Mather et al.
1990) learly shows that the Universe must have evolved  from a hot, dense,
and opaque phase. The very good orrespondene of the observed abun-
dane of light elements and the results of Big Bang Nuleosynthesis (BBN,
e.g. Burles, Nollett & Turner 2001) shows that the osmi expansion an
be traed bak to osmologial redshifts up to z = 1010. Steigman (2002)
pointed out that if these analyses would have been performed with Newton
gravity and not with Einstein gravity, then the observed abundanes ould
not be reoniled with the BBN preditions. One an take this as one of
the few indiations than Einstein gravity an in fat be applied within a os-
mologial ontext and underlines the importane of the BBN benhmark for
any gravitational theory. Finally, the onsisteny of the ages of the oldest
stars in globular lusters (e.g. Chaboyer & Krauss 2002) and the age of the
Universe as obtained from osmologial observations an be regarded as the
long-waited `uniation' of the theory of stellar struture and the theory of
osmi spaetime (Peebles & Ratra 2004). Traditionally, Friedmann-Lemaître
(FL) world models as derived from Einstein's eld equations for spatially ho-
mogeneous and isotropi systems, are assumed, haraterized by the Hubble
onstant H0 in units of h = H0/(100 kms
−1Mpc−1), the normalized density
of osmi matter Ωm (e.g., baryoni and Cold Dark Matter CDM), the nor-
malized osmologial onstant ΩΛ, and its equation of state w. Within this
general framework, lusters of galaxies are traditionally used as osmologi-
al probes on Gigaparse sales. However, a preise test that one an apply
Einstein gravity on suh large sales is still missing.
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In Set. 2, a summary of the basi properties of nearby galaxy lusters is
given. The hierarhial struture formation paradigm is tested with nearby
galaxy lusters in Set. 3. Constraints on the density of dark matter (DM),
the normalization of the matter power spetrum, and neutrino masses are
presented in Set. 4. Observational eets of the equation of state of the dark
energy (DE), and a rst test of a non-gravitational interation between DE
and DM are presented in Set. 5. The problem of the osmologial onstant
and its disussion in terms of the gravitional Holographi Priniple as well as
the eet of an extra-dimension of brane-world gravity are disussed in Set. 6.
Set. 7 draws some onlusions. A general review on lusters is given in Bahall
(1999), whereas Edge (2004) fouses on nearby X-ray luster surveys, Borgani
& Guzzo (2001) on their spatial distribution, Rosati, Borgani & Norman
(2002) and Voit (2004) on their evolution.
2 Galaxy lusters
Galaxy lusters are the largest virialized strutures in the Universe. Only 5%
of the bright galaxies (> L∗) are found in rih lusters, but more than 50%
in groups and poor lusters. The number of luster galaxies brighter than
m3 + 2
m
where m3 is the magnitude of the third-brightest luster galaxy,
and loated within 1.5 h−1Mpc radius from the luster enter, range for rih
lusters from 30 to 300 galaxies, and for groups and poor lusters from 3 to 30.
For osmologial tests, rih lusters will turn out to be of more importane
so that the following onsiderations will mainly fous on the properties of
this type. Rih lusters have typial radii of 1− 2 h−1Mpc where the surfae
galaxy density drops to ∼ 1% of the entral density.
Baryoni gas, falling into the luster potential well, is shok-heated up
to temperatures of Te = 10
7−8K. The aeleration of the eletrons in the
hot plasma (intraluster medium ICM) gives thermal Bremsstrahlung with a
maximum emissivity at kBTe = 2 − 14 keV so that they an be observed in
X-rays together with some line emission. Typial X-ray luminosities range
between Lx = 10
42−45 h−2 erg s−1 in the energy interval 0.1 − 2.4 keV. With
X-ray satellites like ROSAT, Chandra, or XMM-Newton, these lusters an
thus be deteted up to osmologial interesting redshifts. However, only a few
lusters are deteted at redshifts beyond z = 1 (Rosati et al. 2002).
Galaxy lusters are rare objets with number densities of 10−5 h3 Mpc−3,
strongly dereasing with X-ray luminosity or luster mass (Böhringer et al.
2002). Current struture formation models predit of the order of 106 rih
galaxy lusters in the visible Universe, the majority with redshifts below z = 2.
More than 5 000 nearby galaxy lusters are already identied in the optial as
loal onentrations of galaxies, and 2 000 by their (extended) X-ray emission.
Surveys planned for the next few years like the Dark Universe Observatory
DUO (Griths, Petri, Hasinger et al. 2004) will yield about 104 lusters
possibly up to z = 2, that is, already 1% of the total luster population. It
appears thus not ompletely illusory to nally get an almost omplete ensus
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of all rih galaxy lusters in the visible Universe.
X-ray lusters get their importane for osmology beause of the tide or-
relations between observables like X-ray temperature or X-ray luminosity and
total gravitating luster mass whih allow a preise reonstrution of the os-
mi mass distribution on large sales.
Knowledge of the total gravitating mass of a luster within a well-dened
radius, is of ruial importane. The masses are summarized in luster mass
funtions whih depend on struture formation models through ertain values
of the osmologial parameters. However, osmi mass funtion appear to be
independent of osmology when they are written in terms of natural mass
and time variables (Laey & Cole 1994). Model mass funtions an either be
predited from semi-analyti models (e.g, Sheth & Tormen 2002, Shueker
et al. 2001a, Amossov & Shueker 2004) or from N-body simulations, the
latter with errors between 10 to 30% (Jenkins et al. 2001).
Cluster masses an be determined in the optial by the veloity dispersion
of luster galaxies or in X-rays from, e.g., the gas temperature and density pro-
les, assuming virial and hydrostati equilibrium, respetively (and spherial
symmetry). Gravitational lensing uses the distortion of bakground galaxies
and determines the projeted luster mass without any spei assumption
(e.g., Kaiser & Squires 1993). For regular lusters, the masses of galaxy lus-
ters are onsistently determined with the three methods and range between
1014 − 1015 h−1M⊙ (e.g., Wu et al. 1998). Several projets are urrently un-
der way to ompare the mass estimates obtained with the dierent methods in
more detail. The baryoni mass in lusters omes from the ICM and the stars
in the luster galaxies. The ratio between the baryoni and total gravitating
mass (baryon fration) in a luster is about 0.07h−1.5 + 0.05.
Systemati X-ray studies of large samples of galaxy lusters have revealed
that about half of the lusters have signiant substruture in their surfae
brightness distributions, i. e., some deviations from a perfet regular shape
(e.g. Shueker et al. 2001b). For the detetion of substruture, dierent
methods as summarized in Feretti, Giovannini & Gioa (2002) give substru-
ture ourene rates ranging from 20 to 80%. The large range learly shows
that the denition of a well-dened mass threshold for substruture and the
measurement of the masses of the dierent sublumps is diult and has not
yet been regorously applied. Further interesting ambiguities arise beause
lusters appear more regular in X-ray pseudo pressure maps (produt of pro-
jeted gas mass density and gas temperature) whereas ontat disontinuities
and shok fronts aused by merging events appear more pronouned in pseudo
entropy and temperature maps (Briel, Finoguenov & Henry 2004).
Substrutering is taken as a signature of the dynamial youth of a galaxy
luster. The most dramati distortions oure when two big equal mass
lumps ollide (major merger) to form a larger luster. With the ROSAT
satellite, merging events ould be studied for the rst time in X-rays in more
detail (e.g. Briel, Henry & Böhringer 1992). A typial time sale of a merger
event is 109 yr where the inreased gas density and X-ray temperature an
boost X-ray luminosities up to fators of ve (Randall, Sarazin & Riker
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Figure 1: Left: Normalized omoving REFLEX luster number densities as a
funtion of redshift, and omoving radial distane R. Vertial error bars represent
the formal 1σ Poisson errors. Left: Histogram of the normalized KL oeients of
the REFLEX sample and superposed Gaussian prole. The Kolmogorov-Smirnov
probability for Gaussianity is 93%.
2002). The XMM-Newton and espeially the Chandra X-ray satellite allows
more detailed studies of substrutures down to arse sales. Substrutures in
form of avities and bubbles (Böhringer et al. 1993, Fabian et al. 2000), old
fronts (Vikhlinin, Markevith & Murray 2001), weak shoks and sound waves
(Fabian et al. 2003), strong shoks (Forman et al. 2003), and turbulene
(Shueker et al. 2004) were disovered, possibly triggered by merging events
and/or AGN ativity. With the ASTRO-E2 satellite planned to be launhed
in 2005, the line-of-sight kinematis of the ICM will be studied for the rst
time to get more information about the dynamial state of the ICM. The
majority of the abovementioned substrutures have low amplitudes whih do
not muh disturb radially-averaged luster proles (after masking) and thus
luster mass estimates. In fat, the hydrostati equation relates the observed
smooth pressure gradients to the total gravitating luster mass, whih makes
the robustness of X-ray luster mass estimates from numerial simulations
plausible (Evrard, Metzler & Navarro 1996, but see Set. 7). Present osmo-
logial tests based on galaxy lusters assume that the diversity of regular and
substrutured lusters ontribute only to the intrinsi satter of the observed
X-ray luminosity-mass relation or similar diagnostis, while keeping the shape
and normalization of the original relation almost unaltered.
The remaining about 50% of the lusters appear quite regular - a signiant
fration of these lusters have very bright X-ray ores, where the dense gas
ould signiantly ool. Suh ooling ore lusters are expeted to be in a
very relaxed dynamial state sine several Gigayears. Numerial simulations
suggest that the baryon fration in these lusters is lose to the universal
value and an be used after some orretions as a osmi `standard andle'
(e.g. White et al. 1993).
For nearby (z < 0.3) rih systems, evolutionary eets on ore radius
and entropy input are found to be negligible (Rosati et al. 2002). Detailed
XMM studies at z ∼ 0.3 an be found in Zhang et al. (2004). Therefore,
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osmologial tests based on massive nearby lusters with gas temperatures
kBTe > 3 keV are expeted to give reliable results. For these systems, the
observed X-ray luminosity an be transformed into the theory-related luster
mass with empirial luminosity-mass or similar relations haraterized by their
shape, intrinsi satter, and normalization (e.g., Reiprih & Böhringer 2002).
It will be shown that with suh methods, osmologial tests an be performed
presently on the 20-30% auray level.
Further improvements on luster saling relations are thus neessary to
reah (if possible) the few-perent level of `preision osmology'. Large and
systemati observational programms based on Chandra and XMM-Newton
observations are now under way whih are expeted to signiantly improve
the relations within the next few years (e.g., XMM Large Programme, H.
Böhringer et al., in prep., and a large Chandra projet of T.H. Reiprih et al.,
in prep.). For osmologial tests with distant rih lusters, additional work
is neessary. Gravitationally-indued evolutionary eets due to struture
growth, and non-gravitationally-indued evolutionary eets like ICM heat-
ing through galati winds aused by supernovae (SNe), and heating by AGN
ause systemati deviations from simple self-similarity expetations (Kaiser
1986, Ponman, Cannon & Navarro 1999). For osmologial tests, suh evolu-
tionary eets add further degrees of freedom to be determined simultaneously
with the osmologial parameters (e.g., Borgani et al. 1999).
3 Hierarhial struture formation paradigm
Struture formation on the largest sales as probed by galaxy lusters is
mainly driven by gravity and should thus be understandable in a simple man-
ner. However, reoniling the tiny CMB anisotropies at z ≈ 1100 with the
very large inhomogeneities of the loal galaxy distribution has shown that the
majority of osmi matter must ome in nonbaryoni form (e.g., CDM). A di-
ret onsequene of suh senarios is that lusters should grow from Gaussian
initial onditions in a quasi hierarhial manner, i.e., less rih lusters and
groups tend to form rst and later merge to build more massive lusters. The
merging of galaxy lusters as seen in X-rays (Set. 2) is a diret indiation
that suh proesses are still at work in the loal universe.
A further argument for hierarhial struture growth omes from the spa-
tial distribution of galaxy lusters on 102 h−1Mpc sales. Less then 1/10
of this distane an be overed by luster peuliar veloities within a Hub-
ble time, keeping in this linear regime the Gaussianity of the osmi matter
eld as generated by the haoti proesses in the early Universe almost in-
tat. This Gaussianity formally stems from the random-phase superposition
of plane waves and the entral limit theorem (superposition approximation).
The peaks of this random eld will eventually ollapse to form virialized lus-
ters. The relation between the spatial utuations of the lusters and the
underlying matter eld is alled `biasing'. For Gaussian random elds, the bi-
asing tend to onentrate the lusters in regions with the highest global matter
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Figure 2: Left: Comparison of the observed REFLEX power spetrum (points with
error bars) with the predition of a spatially at ΛCDM model with a matter density
of Ωm = 0.34 and σ8 = 0.71. Errors inlude osmi variane and are estimated with
numerial simulations. Right: Comparison of observed power spetral densities
and preditions of a low-density CDM semi-analyti model as a funtion of lower
X-ray luminosity, i.e., lower X-ray luster mass (Shueker et al. 2001). The errors
inlude osmi variane and are obtained from N-body simulations.
density in a manner that their orrelation strengths r0 inrease with luster
mass (Kaiser 1984) - otherwise they would immediately distroy Gaussianity
(e.g. if we would put a very massive luster into a void of galaxies). Peuliar
veloities of the lusters indued by the resulting inhomogeneities modify the
r0-mass relation, but without disturbing the general trend (peak-bakground
split of Efstathiou, Frank & White 1988, & Mo & White 1996). In the linear
regime, we thus expet a Gaussian distribution of the amplitudes of luster
number utuations whih inrease with mass in a manner as predited by
the spei hierarhial senario.
The REFLEX atalogue (Böhringer et al. 2004)
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provides the largest ho-
mogeneously seleted sample of X-ray lusters and is ideally suited for testing
spei hierarhial struture formation models. The sample omprises 447
southern lusters with redshifts z ≤ 0.45 (median at z = 0.08) down to X-ray
uxes of 3.0× 10−12 erg s−1 cm−2 in the energy range (0.1− 2.4) keV, seleted
from the ROSAT All-Sky Survey (Böhringer et al. 2001). Several tests show
that the sample annot be seriously aeted by unknown seletion eets.
An illustration is given by the normalized, radially-averaged omoving num-
ber densities along the redshift diretion (Fig. 1 left). The densities utuate
around a z-independent mean as expeted when no unknown seletion or evo-
lutionary eets are present. For further tests an be found in Böhringer et
al. (2001, 2004), Collins et al. (2000), and Shueker et al. (2001).
Tests of the Gaussianity of the osmi matter eld refer to the superposi-
1
http://www.xray.mpe.mpg.de/theorie/REFLEX/
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tion approximation mentioned above. They devide the survey volume into a
set of large non-overlapping ells, ount the lusters in eah ell, deompose
the utuation eld of the luster ounts into plane waves via Fourier trans-
formation, and hek whether the frequeny distribution of the amplitudes
of the plane waves (Fourier modes with wavenumber k) follow a Gaussian
distribution. However, the survey volume provides only a trunated view of
the osmi matter eld whih will result in an erroneous Fourier transform
(the result obtained will be the onvolution of the true Fourier transform with
the survey window funtion). The trunation eet omprises both the re-
dution of ne details in the Fourier transform and the orrelation of Fourier
modes so that utuation power migrates between the modes. This leakage
eet inreases when the symmetry of the survey volume deviates from a
perfet ubi shape. Unorrelated amplitudes an be obtained, when the u-
tuations are deomposed into modes whih follow to some extent the shape
of the survey volume. The Karhunen-Loèwe (KL) deomposition determines
suh eigenmodes under the onstraint that the resulting KL utuation am-
plitudes are statistially unorrelated. This onstrution is quite optimal for
testing osmi Gaussianity. The KL eigenmodes are the eigenvetors of the
sample orrelation matrix, i.e., the matrix giving the expeted orrelations
between the number of lusters obtained in pairs of ount ells as obtained
with a duial (e.g. onordane) osmologial model. KL modes were rst
applied to CMB data by Bond (1995), to galaxy data by Vogeley & Szalay
(1996), and to luster data by Shueker et al. (2002). The linearity of the KL
transform and the diret biasing sheme expeted for galaxy lusters suggest
that the statistis of the KL oeients should diretly reet the statistis
of the underlying osmi matter eld.
Figure 1 (right) ompares a standard Gaussian with the frequeny distribu-
tion of the observed KL-transformed and normalized luster ounts obtained
with REFLEX. The ell sizes are larger than 100 h−1Mpc and thus probe
Gaussianity in the linear regime. The observed Gaussianity of the REFLEX
data suggests Gaussianity of the underlying osmi matter eld on suh large
sales. This is a remarkable nding, taking into aount the diulties one
has to test Gaussianity even with urrent CMB data (Komatsu et al. 2003,
Cruz et al. 2004).
As mentioned above, hierarhial struture formation predits that the
amplitudes of the utuations should inrease in a ertain manner with mass.
On sales small ompared to the maximum extent of the survey volume, the
utuation eld roughly follows the superposition approximation. In this sale
range, it is very onvinient to test the mass-dependent amplitude eet with
a simple plane wave deomposition as summarized by the power spetrum
P (k) 2. Fig. 2 (left) shows that the observed REFLEX power spetrum of
the omplete sample is well t by a low-density ΛCDM model. Comparisons
with other hierarhial senarios are found to be less onvining (Shueker
et al. 2001). In ontrast to the `standard CDM' model with Ωm = 1, in low-
2
The KL method would need many modes to test small sales whih is presently too
omputer-intensiv
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Figure 3: Compilation of utuation power spetra of various osmologial objets
as omplited by Tegmark & Zaldarriaga (2002) with the added REFLEX power spe-
trum. The ontinuous line represents the onordane ΛCDM struture formation
model.
density (open) CDM models, the epoh of equality of matter and radiation
oure rather late and the growth of struture proeeds over a somewhat
smaller range of redshift, until (1 + z) = Ω−1m . Consequently, the turnover
in P (k) is at larger sales, leaving less power on small sales. The nonzero
osmologial onstant of a (at) ΛCDM senario strethes out the time sales
of the model until (1 + z) = Ω
−1/3
m . The dierenes in the dynamis of
struture growth are thus not very large ompared to an open CDMmodel and
beome only important at late stages. Note, however, that when all models
are normalized to the loal Universe, the opposite onlusion is true. The
behaviour of the luster utuation amplitude with mass (X-ray luminosity)
for a low-density CDM model is shown in Fig. 2 (right). The preditions
are shown as ontinuous and dashed lines whih niely follow the observed
trends. The model inludes an empirial relation to onvert luster mass to
X-ray luminosity (Reiprih & Böhringer 2002), a model for quasi-nonlinear
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and linear struture growth (Peebles 1980), a biasing model (Mo & White
1996, Matarrese et al. 1997), and a model for the transformation of the
power spetrum from real spae to redshift spae (Kaiser 1987).
However, one ould still argue that lusters onstitute only a small popu-
lation of all osmologial objets visible over a limited redshift interval, and
ould therefore not give a representative view of the goodness of hierarhial
struture formation models. Fig. 3 summarizes power spetra obtained with
various osmologial traer objets as ompiled by Tegmark & Zaldarriaga
(2002) inluding the REFLEX power spetrum. All spetra are normalized
by their respetive biasing parameters (if neessary). The ombined power
spetrum overs a spatial sale range of more than four orders of magnitude
and redshifts between z = 1100 (CMB) and z = 0. The good t of the
ΛCDM model shows that this hierarhial struture formation model is really
very suessful in desribing the lustering properties of osmologial objets.
The following osmologial tests thus assume the validity of this struture
formation model.
4 Ordinary matter
The observed osmi density utuations are very well summarized by a low
matter density ΛCDM model (Set. 3). Therefore, many osmologial tests
refer to this struture formation senario. In general, baryoni matter, Cold
Dark Matter (CDM), primeval thermal remnants (eletromagneti radiation,
neutrinos), and an energy orresponding to the osmologial onstant give
the total (normalized) density of the present Universe, Ωtot = Ωb +ΩCDM +
Ωr+ΩΛ. The normalized density of ordinary matter omprises the rst three
omponents. Reent CMB data suggest Ωtot = 1.02 ± 0.02 (Spergel et al.
2003), i.e., an eetively at universe with a negligible spatial urvature. The
same data suggest a baryon density of Ωbh
2 = 0.024± 0.001 and h = 0.72±
0.05. For our purposes, the energy density of thermal remnants, Ωr = 0.0010±
0.0005 (Fukugita & Peebles 2004), an be negleted, yielding the present
osmi matter density Ωm = Ωb + ΩCDM. At the end of this setion, an
estimate of Ωr inluding only the neutrinos is given.
Within this ontext of the hierarhial struture formation, the ourene
rate of substruture seems to be a useful diagnosti to test dierent osmolog-
ial parameters beause a high merger rate implies a high Ωm (e.g., Rihstone,
Loeb & Turner 1992, Laey & Cole 1993). However, as mentioned in Set. 2,
the eets of substruture are diult to measure and to quantify in terms of
mass so that presently less stringent onstraints are attainable (for a reent
disussion see, e.g., Suwa et al. 2003).
A simple though h-dependent estimate of Ωm an be obtained from the
omoving wavenumber of the turnover of the power spetrum beause it
orresponds to the horizon length at the epoh of matter-radiation equal-
ity keq = 0.195Ωmh
2Mpc (e.g. Peebles 1993) below whih most struture is
smoothed-out by free-streaming CDM partiles. A small Ωm or a small Hubble
9
onstant thus shifts the maximum of P (k) towards larger sales. The produt
Γ = Ωmh is referred to as the shape parameter of the power spetrum. For
the REFLEX power spetrum, the turnover is at keq = 0.025± 0.005 (Fig. 2),
so that for h = 0.72 a matter density of Ωm = 0.25± 0.05 is obtained. In this
ase, the shape parameter is Γ = 0.18± 0.03 whih is typial for ΛCDM.
Cluster abundane measurements are a lassial appliation of galaxy lus-
ters in osmology to determine the present density of osmi matter, Ωm,
either assuming a negligible eet of ΩΛ or not. The eetive importane
of ΩΛ on geometry and struture growth annot be negleted for lusters
with z > 0.5. A related quantity is the variane of the matter utua-
tions in spherial ells with radius R and Fourier transformW (kR): σ2(R) =
1
2pi2
∫∞
0
dk k2 P (k) |W (kR)|2. The spei value σ8 at R = 8 h
−1Mpc hara-
terizes the normalization of the matter power spetrum P (k). Reent CMB
data suggest σ8 = 0.9± 0.1 (Spergel et al. 2003).
In the following, the abundane of galaxy lusters is used to determine
simultaneously the values of Ωm and σ8. Early appliations of the method
an be found in, e.g., White, Efstathiou & Frenk (1993), Eke, Cole & Frenk
(1996), and Viana & Liddle (1996) suggesting a stronge degeneray between
Ωm and σ8 of the form σ8 = (0.5− 0.6)Ω
−0.6
m . To understand this degeneray
and the high sensitivity of luster ounts on the values of the osmologial
parameters, onsider the expeted number of lusters observed at a ertain
redshift and ux limit,
dN(z, flim) = dV (z)
∫ ∞
Mlim(z,flim)
dM
dn(M, z, σ2(M))
dM
. (1)
For optially seleted samples, the ux limit has to be replaed by a rihness
(or optial luminosity) limit. The osmology-dependeny of dN stems from
the omoving volume element dV , the mass limit Mlim at a ertain redshift,
and the shape of the osmi mass funtion dn/dM . Three basi osmologial
tests are thus applied simultaneously, whih explains the high sensitivity of
luster ounts on osmology, although sometimes eets related to struture
growth and geometri volume an work against eah other (Set. 5).
The summation in (1) is over luster mass whereas observations yield
quantities like X-ray luminosity, gas temperature, rihness et. The onversion
of suh observables into mass is the most ruial step where most of the
systemati errors an oure. For more massive systems, likely ontributors
to systemati errors are eets related to luster merging, substrutures, and
ooling ores. Cluster merging inreases the gas density and temperature and
thus the X-ray luminosity whih inreases the detetion probablity in X-rays.
The overall statistial eet is diult to quantify, but systemati errors in
the osmologial parameters on the 20% level an be reahed (Randall et al.
2002). For less massive systems, further eets related to additional heat
input by AGN, star formation, galati winds driven by SNe, et. lead to
deviations from self-similar expetations (Set. 2), and inrease the satter in
saling relations. Suh eets are quite diult to simulate (e.g., Borgani et
al. 2004, Ettori et al. 2004).
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Equation (1) an diretly be applied to ux-seleted luster samples as ob-
tained in X-rays or millimeter wavelengths. The latter surveys detet lusters
via the Sunyaev-Zel'dovih (SZ) eets (e.g., Birkinshaw, Gull & Hardebek
1984, Carlstrom, Holder & Reese 2002). Here, energy of the ICM eletrons
is loally transferred through inverse Compton (Thomson) sattering to the
CMB photons so that the number of photons on the long wavelength side
of the Plank spetrum is depleted. After this blue-shift, eah luster is
deteted at wavelengths beyond 1.4mm as derements against the average
CMB bakground, and at shorther wavelengths as inrements. This proess
thus measures deviations relative to the atual CMB bakground and is thus
redshift-independent so that luster detetion does not has to work against
the (1 + z)4 Tolman's surfae brightness dimming whih is espeially impor-
tant for very distant lusters. Certain blind SZ surveys are now in preparation
(SZ-Array starting 2004; AMI 2004, APEX-SZ 2005, ACT 2007, SPT 2007
and Plank 2007). The ux limits in X-rays and submm allow after some
standard orretions a very aurate determination of the volume aessable
by a luster with ertain X-ray or submm properties.
The detetion of lusters in the optial is more ompliated (e.g., red-
sequene method in Gladders, Yee & Howard 2004, mathed lter method in
Postman et al. 1996, Shueker & Böhringer 1998, Shueker, Böhringer &
Voges 2004). For the appliation of Eq. (1) to optially seleted luster sam-
ples, the mass limit Mmin(z) has to be obtained with numerial simulations
in a more model-dependent manner (e.g., Goto et al. 2002, Kim et al. 2002).
For osmologial tests, the values of the parameters are hanged until ob-
served and predited numbers of lusters agree. In order to avoid the evalua-
tion of 3rd and 4th-order statistis in the error determination, the parameter
matries should be as diagonal as possible. This an be ahieved, when the
luster ell ounts are transformed into the orthonormal base generated by
the KL eigenvetors of the sample orrelation matrix (Set. 3). With the
REFLEX sample, the lassial Ωm-σ8 test was performed with the KL base
(Shueker et al. 2002, 2003a). The observed Gaussianity of the matter eld
diretly translates into a multi-variant Gaussian likelihood funtion, and in-
ludes in a natural manner a weighting of the squared dierenes between
KL-transformed observed and modeled luster ounts with the varianes of
the transformed ounts. Not only the mean ounts in the ells but also their
varianes from ell to ell depend on the osmologial model. The KL method
thus simultaneously tests both mean ounts and their utuations whih in-
reases the sensitivity of the method even more. The method was extensively
tested with lusters seleted from the Hubble Volume Simulation. Note that
for the appliation of the KL method to galaxies of the Sloan Digital Sky Sur-
vey (SDSS, Szalay et al. 2003, Pope et al. 2004) only the utuations ould
be used and were in fat enough to provide onstraints on the 10-perent level.
A typial result of a osmologial test of Ωm and σ8 with REFLEX lusters
is shown in Fig. 4. Note the small parameter range overed by the likelihood
ontours and the residual Ωm-σ8 degeneray: For (at) ΛCDM and low z,
struture growth is negligible, and the Ωm-σ8 degeneray is related to the fat
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Figure 4: Left: Likelihood ontours (1 − 3σ level for two degrees of freedom) as
obtained with the REFLEX sample. Right: Same likelihood ontours as left for a
dierent empirial mass/X-ray luminosity relation.
that a small σ8 (orresponding to a low-amplitude power spetrum) yields
a small omoving luster number density, whereas a large Ωm (orrespond-
ing to a low mass limit Mmin) yields a large omoving number density. For
(at) ΛCDM and high z, struture growth and omoving volume do again
not strongly depend on Ωm, but the number of high-z lusters inreases with
dereasing Ωm beause for a xed luster number density at z = 0 the nor-
malization σ8 has to be inreased when Ωm is dereased as shown above.
However, the sensitivity on struture growth beomes apparent one open
and at models are ompared (Bahall & Fan 1998).
For the test, further osmologial parameters like the Hubble onstant, the
primordial slope of the power spetrum, the baryon density, the biasing model,
and the empirial mass/X-ray luminosity relation had xed prior values. The
nal REFLEX result is obtained by marginalizing over these parameters and
yields the 1σ orridors 0.28 ≤ Ωm ≤ 0.37 and 0.56 ≤ σ8 ≤ 0.80.
As mentioned above, the largest unertainty in these estimates omes from
the empirial mass/X-ray luminosity relation obtained for REFLEX from
mainly ROSAT and ASCA pointed observations by Reiprih & Böhringer
(2002) - ompare Fig. 4 left and right. Tests are in preparation with a four-
times larger X-ray luster sample of 1 500 lusters ombining a deeper version
of REFLEX with an extended version of the luster atalogue of Böhringer
et al. (2000) of the northern hemisphere, plus a more preise M/L-relation
obtained over a larger mass range with the XMM-Newton satellite. Errors
below the 10-perent level are expeted.
Variants of the luster abundane method use the X-ray luminosity or the
gas temperature funtion. For the transition from observables to mass, often
the relations mass-temperature and luminosity-temperature are used. As an
example, Borgani et al. (2001) obtained omparatively strong onstraints
using a sample of lusters up to z = 1.27 yielding the 1σ orridors 0.25 ≤
Ωm ≤ 0.38 and 0.61 ≤ σ8 ≤ 0.72.
White et al. (1993) pointed out that the matter ontent in rih nearby
lusters provides a fair sample of the matter ontent of the Universe. The ratio
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of the baryoni to total mass in lusters should thus give a good estimate of
Ωb/Ωm. The ombination with determinations of Ωb from BBN (onstrained
by the observed abundanes of light elements at high z) an thus be used to
determine Ωm (David, Jones, & Forman 1995, White & Fabian 1995, Evrard
1997). Extending the universality assumption on the gas mass fration to
distant lusters, Ettori & Fabian (1999) and later Allen et al. (2002) ould
show that at a ertain distane from the enter of quite relaxed distant lus-
ters, the observed X-ray gas mass fration tends to onverge to a universal
value. To illustrate the potential power of the method note that after further
orretions, the results obtained by Allen et al. with only seven apparently
relaxed lusters up to z = 0.5 were already sensitive enough to onstrain the
osmi matter density, Ωm = 0.30
+0.04
−0.03. Later work inludes more lusters
up to z = 0.9 and luster abundanes from the REFLEX-sample (Böhringer
et al. 2004) and the BCS sample (Ebeling et al. 1998), and yields the 1σ
error orridors 0.25 ≤ Ωm ≤ 0.33 and 0.66 ≤ σ8 ≤ 0.74 (Allen et al. 2003).
However, the method shares some similarity with the type-Ia SNe method in
the sense that the validity of the gas mass fration as a osmi standard an-
dle espeially at high z is mainly based on observational arguments, partially
supported by numerial simulations. The overlap of the error orridors of the
less-degenerated results of Borgani et al. (2001), Shueker et al. (2003a),
and Allen et al. (2003) yields our nal result
Ωm = 0.31± 0.03 . (2)
Other measurements show the Ωm-σ8 degeneray more pronouned over a
larger range. When all measurements are evaluated at Ωm = 0.3, the values
of σ8 appear quite onsistent at a omparatively low normalization of
σ8 = 0.76 ± 0.10 , (3)
within the total range 0.5 < σ8 < 1.0 (data ompiled in Henry 2004 from
Bahall et al. 2003, Henry 2004, Pierpaoli et al. 2003, Ikebe et al. 2002,
Reiprih & Böhringer 2002, Rosati et al. 2002, inluding Allen et al. 2003
and Shueker et al. 2003a with small degeneraies)
3
.
Reent neutrino experiments are based on atmospheri, solar, reator, and
aelerator neutrinos. All experiments suggest that neutrinos hange avour
as they travel from the soure to the detetor. These experiments give strong
arguments for neutrino osillations and thus nonzero neutrino rest masses mν
(e.g. Ashie et al. 2004 and referenes given therein). Further information
an be obtained from astronomial data on osmologial sales. The basi
idea is to measure the normalization of the matter CDM spetrum with CMB
anisotropies on several hundred Mp sales. This normalization is transformed
3
Vaulair et al. (2003) ould nd a onsistent solution between loal and high redshift
X-ray temperature distribution funtions and the redshift distributions of distant X-ray
luster surveys using mass-temperature and luminosity-temperature relations. Their best
model has Ωm > 0.85 and σ8 = 0.455, and the shape parameter, Γ = Ωm h ≈ 0.1, whih
implies h < 0.12, in onit with many observations.
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with struture growth funtions to 8 h−1Mpc at z = 0 assuming various neu-
trino ontributions. This normalization should math the σ8 normalization
from luster ounts (e.g., Fukugita, Liu & Sugiyama 2000). Reent estimates
are obtained by ombining CMB-WMAP data with the 2dFGRS galaxy power
spetrum, X-ray luster gas mass frations, and X-ray luster luminosity fun-
tions (Allen, Shmidt & Bridle 2003). For a at universe and three degenerate
neutrino speies, they measured the ontribution of neutrinos to the energy
density of the Universe, and a speies-summed neutrino mass, and their re-
spetive 1σ errors,
Ων = 0.006± 0.003 ,
∑
i
mi = 0.6± 0.3 eV , (4)
whih formally orresponds to mν ≈ 0.2 eV per neutrino. Their ombined
analysis yields a normalization of σ8 = 0.74
+0.12
−0.07, whih is onsistent with
the reent measurements with galaxy lusters mentioned above. From CMB,
2dFGRS and Ly-α forest data, Spergel et al. (2003) obtained the 2σ onstraint
mν < 0.23 eV per neutrino. In a similar analysis inluding also SDSS galaxy
lustering, Seljak et al. (2004) found mν < 0.13 eV for the lightest neutrino
(at 2σ). Estimates from neutrino osillations suggestmν ≈ 0.05 eV for at least
one of two neutrino speies, onsistent with the Fukugita & Peebles (2004)
estimate given above.
5 Dark energy
The present state of the osmologial tests is illustrated in Fig. 5 (left). The
ombination of the likelihood ontours obtained with three dierent observa-
tional approahes (type-Ia SNe: Riess et al. 2004; CMB: Spergel et al. 2003;
galaxy lusters: Shueker et al. 2003b) shows that the osmi matter density
is lose to Ωm = 0.3, and that the normalized osmologial onstant is around
ΩΛ = 0.7. This sums up to unit total osmi energy density and suggests a
spatially at universe. However, the density of osmi matter growths with
redshift like (1 + z)3 whereas the density ρΛ related to the osmologial on-
stant Λ is independent of z. The ratio ΩΛ/Ωm today is lose to unity and must
thus be a nely-tuned innitesimal onstant ΩΛ/(Ωm(1+z∞)
3) set in the very
early Universe (osmi oinidene problem). An alternative hypothesis is to
onsider a time-evolving `dark energy' (DE), where in Einstein's eld equa-
tions the time-independent energy density ρΛ of the osmologial onstant is
replaed by a time-dependent DE density ρx(t),
Gµν = −
8piG
c4
[
Tµν + ρΛ→x(t) c
2 gµν
]
, (5)
while assuming that the `true' osmologial onstant is either zero or negli-
gible. Here, Gµν is the Einstein tensor, Tµν the energy-momentum tensor of
ordinary matter, and gµν the metri tensor. For a time-evolving eld (see, e.g.,
Ratra & Peebles 1988, Wetterih 1988, Caldwell et al. 1998, Zlatev, Wang &
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Figure 5: Left: Present situation of osmologial tests of the matter density Ωm and
the normalized osmologial onstant ΩΛ from dierene observational approahes
(Böhringer, priv. om.). Right: Null Energy Condition (NEC) and Strong Energy
Condition (SEC) for a at FL spaetime at redshift z = 0 with negligible ontri-
butions from relativisti partiles in the parameter spae of the normalized osmi
matter density Ωm and the equation of state parameter of the dark energy wx. More
details are given in the main text.
Steinhardt 1999, Caldwell 2002, reent review in Peebles & Ratra 2004) the
aim is to understand the oinidene in terms of dynamis. A entral rle in
these studies is assumed by the phenomenologial ratio
wx =
px
ρxc2
(6)
(equation of state) between the pressure px of the unknown energy omponent
and its rest energy density ρx. Note that wx = −1 for Einstein's osmologi-
al onstant. The resulting phase spae diagram of DE (Fig. 5, right) distin-
guishes dierent physial states of the two-omponent osmi uid  separated
by two energy onditions of general relativity (Shueker et al. 2003b).
Generally, assumptions on energy onditions form the basis for the well-
known singularity theorems (Hawking & Ellis 1973), ensorship theorems (e.g.
Friedman et al. 1993) and no-hair theorems (e.g. Mayo & Bekenstein 1996).
Quantized elds violate all loal point-wise energy onditions (Epstein et al.
1965). In the present investigation we are, however, onerned with obser-
vational studies on marosopi sales relevant for osmology where ρx and
px are expeted to behave lassially. Cosmi matter in the form of baryons
and non-baryons, or relativisti partiles like photons and neutrinos satisfy all
standard energy onditions. The two energy onditions disussed below are
given in a simplied form (see Wald 1984 and Bareló & Visser 2001).
The Strong Energy Condition (SEC): ρ + 3p/c2 ≥ 0 and ρ + p/c2 ≥ 0,
derived from the more general ondition Rµνv
µvν ≥ 0, where Rµν is the Rii
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tensor for the geometry and vµ a timelike vetor. The simplied ondition is
valid for diagonalizable energy-momentum tensors whih desribe all observed
elds with non-zero rest mass and all zero rest mass elds exept some speial
ases (see Hawking & Ellis 1973). The SEC ensures that gravity is always
attrative. Certain singularity theorems (e.g., Hawking & Penrose 1970) rele-
vant for proving the existene of an initial singularity in the Universe need an
attrating gravitational fore and thus assume SEC. Violations of this ondi-
tion as disussed in Visser (1997) allow phenomena like inationary proesses
expeted to take plae in the very early Universe or a moderate late-time
aelerated osmi expansion as suggested by the ombination of reent as-
tronomial observations (Fig. 5 left). Likewise, phenomena related to Λ > 0
and an eetive version of Λ whose energy and spatial distribution evolve
with time (quintessene: Ratra & Peebles 1988, Wetterih 1988, Caldwell et
al. 1998 et.) are allowed onsequenes of the breaking of SEC  but not a
predition. However, a failure of SEC seems to have no severe onsequenes
beause the theoretial desription of the relevant physial proesses an still
be provided in a anonial manner. Phenomenologially, violation of SEC
means wx < −1/3 for a single energy omponent with density ρx > 0. For
wx ≥ −1/3, SEC is not violated and we have a deelerated osmi expansion.
The Null Energy Condition (NEC): ρ + p/c2 ≥ 0, derived from the more
general ondition Gµνk
µkν ≥ 0, where Gµν is the geometry-dependent Ein-
stein tensor and kµ a null vetor (energy-momentum tensors as for SEC).
Violations of this ondition are reently studied theoretially in the ontext
of marosopi traversable wormholes (see averaged NEC: Flanagan & Wald
1996, Bareló & Visser 2001) and the Holographi Priniple (Set. 6). The
breaking of this riterion in a nite loal region would have subtle onse-
quenes like the possibility for the reation of time mahines (e.g. Morris,
Thorne & Yurtsever 1988). Violating the energy ondition in the osmo-
logial ase is not as dangerous (no threat to ausality, no need to involve
hronology protetion, et.), sine one annot isolate a hunk of the energy
to power suh exoti objets. Nevertheless, violation of NEC on osmologi-
al sales ould exite phenomena like super-aeleration of the osmi sale
fator (Caldwell 2002). Theoretially, violation of NEC would have profound
onsequenes not only for osmology beause all point-wise energy onditions
would be broken. It annot be ahieved with a anonial Lagrangian and
Einstein gravity. Phenomenologially, violation of NEC means wx < −1 for
a single energy omponent with ρx > 0. The sort of energy related to this
state of a Friedmann-Robertson-Walker (FRW) spaetime is dubbed phantom
energy and is desribed by super-quintessene models (Caldwell 2002, see also
Chiba, Okabe & Yamaguhi 2000). For wx ≥ −1 NEC is not violated, and is
desribed by quintessene or super-quintessene models.
Assuming a spatially at FRW geometry, Ωm + Ωx = 1, and Ωm ≥ 0 as
indiated by the astronomial observations in Fig. 5 (left), the formal ondi-
tions for this two-omponent osmi uid translates into wx ≥ −1/3(1−Ωm)
for SEC, and wx ≥ −1/(1−Ωm) for NEC (urved lines in Fig. 5 right). These
energy onditions, haraterizing the possible phases of a mixture of dark en-
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Figure 6: Likelihood ontours (1−3σ) obtained with the Riess et al. (1998) sample
of type-Ia SNe. The luminosities are orreted with the∆m15 method. The equation
of state parameter wx is assumed to be redshift-independent.
ergy and osmi matter, thus rely on the preise knowledge of Ωm and wx.
Unfortunately, the eets of wx are not very large. However, a variety of om-
plementary observational approahes and their ombination helps to redue
the measurement errors signiantly.
The most diret (geometri) eet of wx is to hange osmologial dis-
tanes. For example, for a spatially at universe, omoving distanes in di-
mensionless form, a0r = H0
∫ z
0
dz′
H(z′) , are diretly related to wx via
[
H(z)
H0
]2
= Ωm(1+ z)
3+(1−Ωm) exp
{
3
∫ z
0
[1 + wx(z
′)] d ln(1 + z′)
}
. (7)
A less negative wx inreases the Hubble parameter and thus redues all osmi
distanes. In general, wx must evolve in time. To disuss Eq. (7) in terms
of the resulting parameter degeneray, let us assume wx(z) = w0 + w1 · z
with the additional onstraint that w0 = −1 implies w1 = 0. For this simple
parameterization the same expansion rate at z is obtained when w0 and w1 are
related by w1 = −
ln(1+z)
z−ln(1+z) (1 + w0). The parameter degeneray between w0
and w1 is a generi feature and an be seen in many proposed observational
tests. Fortunately, its slope depends on z, so that the degeneray an be
broken with independent observations overing a large redshift range. Current
observations have not the sensitivity to measure w0 and w1 separately so that
basially all published measurements of the equation of state of the DE are
on w0 assuming w1 = 0. The danger with this assumption is, however, that if
the true w1 would strongly deviate from zero then the estimated w0 would be
biased orrespondingly (Maor et al. 2002). In addition, even when an expliit
redshift dependeny of wx ould be negleted, some parameter degeneray
between Ωm and wx remains as suggested by Eq. (7) (see Fig. 6 obtained with
the type-Ia SNe).
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Figure 7: Evolution of the matter power spetrum for dierent redshift-independent
equations of state −1 ≤ wx < 0 of the DE. The lower urve is for wx = −1 and
inreases in amplitude with wx.
Struture growth via gravitational instability provides a further probe of
wx. DE, not in form of a osmologial onstant or vauum energy density,
is inhomogenously distributed - a smoothly distributed, time-varying ompo-
nent is unphysial beause it would not reat to loal inhomogeneities of the
other osmi uid and would thus violate the equivalene priniple. An evolv-
ing salar eld with wx < 0 (e.g. quintessene) automatially satises these
onditions (Caldwell, Dave & Steinhardt 1998a). The eld is so light that it
behaves relativistially on small sales and non-relativistially on large sales.
The eld may develop density perturbations on Gp sales where sound speeds
c2s < 0, but does not lump on sales smaller than galaxy lusters. Generally,
perturbations ome in either linear or nonlinear form depending on whether
the density ontrast, δ = (ρ/ρ¯)− 1, is smaller or larger than one.
In the linear regime, and when DE is modeled as a dynamial salar eld,
the rate of growth of linear density perturbations in the CDM is damped by
the Hubble parameter, δ′′cdm + aHδ
′
cdm = 4piGa
2δρcdm (a means sale fator
and prime derivative with respet to onformal time). This evolution equation
an be solved approximately by
d ln δcdm
d ln a ≈
[
1 + ρx(a)ρcdm(a)
]−0.6
(Caldwell, Dave
& Steinhardt 1998b), provided that ρx < ρr at radiation-matter equality. It
is seen that ρx(a) and thus a more positive wx delays struture growth. To
reah the same utuations in the CDM eld, strutures must have formed at
higher z ompared to the standard CDM model. For a redshift-independent
wx, transfer and growth funtions an be found in Ma et al. (1999). The
eets of a onstant wx on P (k) are shown in Fig. 7. The sensitivity of CMB
anisotropies to wx is limited to the integrated Sahs-Wolfe eet beause Ωx
dominates only at late z (Eq. 7). Spergel et al. (2003) showed that the WMAP
data ould equally well t with Ωm = 0.47, h = 0.57, and wx = −0.5 one wx
is regarded as a free (onstant) parameter.
In the nonlinear regime, the eets of DE are not very large. For the
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Figure 8: Left: Virial density in units of the ritial matter density for a at
universe as a funtion of Ωm and wx. The wx values range from −1 (lower urve) to
zero (upper urve). Right: Likelihood ontours (1-3σ) obtained from nearby luster
ounts (REFLEX: Shueker et al. 2003b) assuming a onstant wx and marginalized
over 0.5 < σ8 < 1.
osmologial onstant, Lahav et al. (1991) used the theory of peak statistis
in Gaussian random elds and linear gravitational-instability theory in the
linear regime and the spherial infall model to evolve the proles to the present
epoh. They found that the loal dynamis around a luster at z = 0 does
not arry muh information about Λ. However, DM haloes have ore densities
orrelating with their formation epoh. Therefore, when wx delays struture
growth, then DM haloes are formed at higher z with higher ore densities
and should thus appear for xed mass and redshift more onentrated in
wx > −1 models ompared to Λ. This is reeted in the virial densities of
ollapsed objets in units of the ritial density shown in Fig. 8 (left). The
rst semi-analyti omputations of a spherial ollapse in a uid with DE with
−1 ≤ wx < 0 were performed by Wang & Steinhardt (1998). Shueker et al.
(2003b) enlarged the range to −5 < wx < 0, whereas Mota & van de Bruk
(2004) disussed the spherial ollapse for spei potentials of salar elds.
For reent simulations see Klypin et al. (2003) and Bartelmann et al. (2004).
These arguments have to be ombined with the general disussion of
Eq. (1) to understand the sensitivity of luster ounts on wx. Keeping the
present-day luster abundane and lower mass limit Mmin in Eq. (1) xed,
the dominant eet of wx omes from struture growth and volume (Haiman,
Mohr & Holder 2001). For a larger wx, the DE eld delays struture growth
so that the number of distant lusters inreases. However, a large wx yields
a small omoving ount volume for the lusters whih ounterats the growth
eet. The ompensation works mainly at small z and leads to a ompara-
tively small sensitivity of luster ounts at z < 0.5 on wx. For z > 0.5, the
eet of a delayed struture growth starts to dominate and the number of
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high-z lusters inreases with wx. However, the realisti ase is when a red-
shift and osmology-dependent lower mass limit is inluded. In this ase, it
ould be shown that at high z, the wx-dependene of the redshift distribution
is mainly aused by the wx-dependene of the lower mass limit in the sense
that a larger wx dereases distanes and therefore inreases the number of
high-z lusters, whereas at small redshifts no strong dependeny beyond the
standard Ωm-σ8 degeneray remains. The inlusion of a z-dependent mass
limit does only slightly damp the sensitivity on Ωm.
This high-z behaviour of the number of lusters is very important for
future planned luster surveys (e.g. DUO Griths et al. 2004) where in the
wide (northern) survey about 8 000 lusters will be deteted over 10 000 square
degrees on top of the SDSS ap up to z = 1, and where in the deep (southern)
survey about 1 800 lusters will be deteted over 176 square degrees up to
z = 2 (if they exists at suh high redshifts). REFLEX has most lusters
below z = 0.3. For a onstant wx the likelihood ontours are shown in Fig. 8
(right) as a funtion of Ωm (Shueker et al. 2003b). The eets of yet
unknown possible systemati errors are inluded by using a very large range
of σ8 priors (0.5 < σ8 < 1.0). As expeted, the wx dependene is very weak.
The past examples (Fig. 6 and Fig. 8 right) have shown that presently
neither SNe nor galaxy lusters alone give an aurate estimate of the redshift-
independent part of wx. This is also true for CMB anisotropies. However,
the resulting likelihood ontours of SNe and galaxy lusters appear almost
orthogonal to eah other in the high-wx range. Their ombination thus gives
a quite strong onstraint on both wx and Ωm (Fig. 9 left). This is a typial
example of osmi omplementarity whih stems from the fat that SNe probe
the homogeneous Universe whereas galaxy lusters test the inhomogeneous
Universe as well. The nal result of the ombination of dierent SNe samples
and REFLEX lusters yields the 1σ onstraints wX = −0.95± 0.32 and Ωm =
0.29 ± 0.10 (Shueker et al. 2003b). Averaging all results obtained with
REFLEX and various SN-samples yields wx = −1.00
+0.18
−0.25 (Fig. 9 left). The
gure shows that the measurements suggest a osmi uid that violates SEC
and fullls NEC. In fat, the measurements are quite onsistent with the
osmologial onstant and leave not muh room for any exoti types of DE.
The violation of the SEC gives a further argument that we live in a Universe
in a phase of aelerated osmi expansion.
Ettori, Tozzi & Rosati (2003) used the baryoni gas mass fration of lus-
ters in the range 0.72 ≤ z ≤ 1.27 and obtained wx ≤ −0.49. The ombina-
tion with SN data yields w < −0.89, erroneously referring to the onstraint
wx ≥ −1. Henry (2004) used the X-ray temperature funtion and found
wx = −0.42 ± 0.21, assuming wx ≥ −1.0. In a preliminary analysis, Sereno
& Longo (2004) used angular diameter distane ratios of lensed galaxies in
rih lusters, and shape parameters of surfae brightness distributions and gas
temperatures from X-ray data, and obtained wx = −0.83 ± 0.14, assuming
wx ≥ −1.0. Rapetti, Allen & Weller (2004) ombined luster X-ray gas mass
frations with WMAP data and obtained the onstraints wX = −1.05± 0.11.
A formal average of the most aurate und unonstrained wx measurements
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using galaxy lusters (Shueker et al. 2003b, Rapetti et al. 2004) gives
wx = −1.00± 0.05 . (8)
Lima, Cunha & Alaniz (2003) give a summary of the results of the wx-Ωm
tests obtained with various methods, all assuming a redshift-independent wx.
A lear trend is seen that wx > −0.5 is ruled out by basially all observations.
The large degeneray seen in Fig. 6 (left) towards wx < −1 translates into a
less well-dened lower bound. Hannestad & Mörtsell (2002) found wx > −2.7
by the ombination of CMB, SNe and large-sale struture data.
Melhiorri et al. (2003) ombined seven CMB experiments inluding WMAP
with the Hubble parameter measurements from the Hubble Spae Telesope
and luminosity measurements of type-Ia SNe, and found the 95% ondene
range −1.45 < wx < −0.74. If they inlude also 2dF data on the large-sale
distribution of galaxies they found −1.38 < wx < −0.82. More reent mea-
surements support the tendeny that wx is lose to the value expeted for a
osmologial onstant as found by the ombination of REFLEX and SN data.
Spergel et al. (2003) used a variety of dierent ombinations between WMAP
and galaxy data and obtained the 1σ orridor wX = −0.98 ± 0.12. Riess et
al. (2004) ombined data from distant type-Ia SNe with CMB and large-sale
struture data, and found wx = −1.02
+0.13
−0.19. Their results are also inonsistent
with a rapid evolution of the DE. Combining Ly-α forest and bias analysis
of the SDSS with previous onstraints from SDSS galaxy lustering, the lat-
est SN and WMAP data, Seljak et al. (2004) obtained wx = −0.98
+0.10
−0.12 at
z = 0.3 (they also obtained σ8 = 0.90± 0.03). A ombination of the wx mea-
surements of REFLEX, Rapetti et al. (2004), Spergel et al. (2003), Riess et
al. (2004), and Seljak et al. (2004) yields wx = −0.998± 0.038. Independent
from this more or less subjetive summary, it is still save to onlude that all
reent measurements are onsistent with a osmologial onstant, and that
the most preise estimates suggest that wx is very lose to −1. This points
towards a model where DE behaves very similar to a osmologial onstant,
i.e., that the time-dependeny of the DE annot be very large. In fat, Seljak
et al. have also tested wx at z = 1, and found wx(z = 1) = −1.03
+0.21
−0.28 and
thus no signiant hange with z.
Cluster abundane measurements have not yet reahed the depth to be
very sensitive to the normalized osmologial onstant ΩΛ or Ωx. The most
reliable estimates todate ome from the X-ray gas mass fration. Vikhlinin et
al. (2003) used the luster baryon mass as a proxy for the total mass, thereby
avoiding the large unertainties on the M/T or M/L relations, yielding with
17 lusters with z ≈ 0.5 the degeneray relation Ωm + 0.23ΩΛ = 0.41± 0.10.
For Ωm = 0.3, this would give ΩΛ = 0.48± 0.12. Allen et al. (2002) obtained
with the X-ray gas mass fration in ombination with the other measurements
desribed above the onstraint ΩΛ = 0.95
+0.48
−0.72. Ettori et al. (2003) obtained
ΩΛ = 0.94 ± 0.30, and Rapetti et al. (2004) ΩΛ = 0.70 ± 0.03. Combining
lensing and X-ray data, Sereno & Longo (2004) obtained ΩΛ = 1.1± 0.2. The
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Figure 9: Left: Combination of wx measurements based various SN samples and
the REFLEX sample assuming a redshift-independent wx. The likelihood ontours
(1−3σ) are entred around wx = −1 whih orresponds to the osmologial onstant
(vertial line). The two urved lines orrespond to the SEC (upper line) and the
NEC (lower line). The urved line in the right part of the diagram orresponds to
a spei holographi DE model of Li (2004). Right: Normalization parameter of
the matter power spetrum σ8 ompared to the oupling strength β where β = 0
means no oupling between DE and DM. The inner region marked by the dashed
horizontal lines (GCLST) marks observational onstraints from the satter of all σ8
estimates obtained from galaxy lusters during the past 2 years. The broader range
marked by the ontinuous horizontal lines (ALL) is a plausible interval whih takes
into aount also σ8 measurements from other observations.
formal average and 1σ standard deviation of these measurements is
ΩΛ = 0.83± 0.24 . (9)
The last eet of DE and thus wx disussed here is interesting by its own,
but also oers a possibility for ross-heks of wx measurements. The eet is
related to a possible non-gravitational interation between DE and ordinary
matter (e.g. Amendola 2000). We showed above (e.g., Eq. 8) that the most
obvious andidate for DE is presently the osmologial onstant with all its
atastrophi problems (Set. 6). However, a very small redshift-dependeny
of the DE density annot be ruled out. Based on this possible residual eet,
a further explanation would be a light salar (quintessential) eld φ where its
potential an drive the observed aelerated expansion similar as in the de-
Sitter phase of inationary senarios. In general, φ interats beyond gravity to
baryons and DM with a strength similar to gravity. However, some (unkown)
symmetry ould signantly redue the interation (Carroll 1998)  otherwise
it would have already been deteted  so that some oupling ould remain.
The following disussion is restrited to a possible interation between DE
and DM.
The general ovariane of the energy momentum tensor requires the sum
of DM (m) and DE (φ) to be loally onserved so that we an allow for a
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oupling of the two uids, e.g., in the simple linear form,
T µν(φ);µ = C(β)T(m)φ;ν ,
T µν(m);µ = −C(β)T(m)φ;ν , (10)
with the dimensionless oupling onstant β in C(β) =
√
16piG
3c4 β, but more
ompliated hoies are, however, possible. Observational onstraints on the
strength of a nonminimal oupling β between φ and DM are |β| < 1 (Damour
et al. 1990). For a given potential V (φ), the orresponding equation of motion
of φ an be solved. Amendola (2000) disussed exponential potentials whih
yield a present aelerating phase. A generi result is a saddle-point phase
between z = 104 and z = 1 where the normalized energy density related to the
salar eld, Ωφ, is signiantly higher ompared to nonoupling models. The
saddle-point phase thus leads to a further suppression of struture growth
and thus to smaller σ8 (when the models are normalized with the CMB)
ompared to noninterating quintessene models (Fig. 9 right). The present
observations appear quite stringent. The X-ray luster onstraint σ8 = 0.76±
0.10 (Eq. 3) obtained in Set. 4 suggests a lear detetion of a nonminimal
oupling between DE and DM:
β = 0.10 ± 0.01 . (11)
This would provide an argument that DE annot be the osmologial onstant
beause Λ annot ouple non-gravitationally to any type of matter. In this
ase, the quite narrow experimental orridor found for wx (Eq. 8) would be
responsible for the nonminimal oupling. However, a possibly underestimated
σ8 by galaxy lusters, and thus no nonminimal ouplings and a DE in form
of a osmologial onstant seem to provide a more plausible alternative (see
Set. 7).
6 The Cosmologial Constant Problem
Reent measurements of the equation of state wx of the DE do not leave muh
room for any exoti type of DE (Eq. 8 in Set. 5). In this setion we take the
most plausible assumption that the observed aelerated osmi expansion
is driven by Einstein's osmologial onstant more serious. In this ase, we
are, however, onfronted with the long-standing osmologial onstant prob-
lem (e.g., Weinberg 1989). To some extent also DE models based on salar
elds suer on this problem beause they have to nd a physial mehanism
(symmetry) whih makes the value of Λ negligible. To illustrate the problem,
separate the eetively observed DE density as usual into a gravitational and
non-gravitational part,
ρeffΛ = ρ
GRT
Λ + ρ
VAC
Λ = 10
−26 kgm−3 , (12)
for ΩΛ = 0.7. The non-gravitational part represents the physial vauum.
A free salar eld oers a onvinient way to get an estimate of a plausible
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vauum energy density. Interpreting this eld as a physial operator and thus
onstraining it to Heisenberg's unertainty relations, quantize the eld in the
anonial manner. The quantized eld behaves like an innite number of
free harmoni osillators. The sum of their zero partile (vauum) states, up
to the Plank energy, orresponding to a uto in physial (not omoving)
wavenumber, is
ρVACΛ =
h¯
c
∫ Ep/h¯c
0
4pik2dk
(2pi)3
1
2
√
k2 + (mc/h¯)2 ≈ 10+93 kgm−3 , (13)
for m = 0. The osmologial onstant problem is the extra-ordinary ne-
tuning whih is neessary to ombine the eetively measured DE density in
Eq. (12) with the physial vauum (13). This simple (though quite naive)
estimate immediately shows that something fundamentally has gone wrong
with the estimation of the physial vauum in Eq. (13). An obvious answer
is related to the fat that for the estimation of the physial vauum, gravita-
tional eets are ompletely ignored. One ould think of a quantum gravity
with strings. However, present versions of suh theories seem to provide only
arguments for a vanishing or a negative osmologial onstant (Witten 2000,
but see below).
A hint how inlusion of gravity ould eetively work in Eq. (13), omes
from blak hole thermodynamis (Bekenstein 1973, Hawking 1976). Analyzing
quantized partile elds in urved but not quantized spaetimes, it beame
lear that the information neessary to fully desribe the physis inside a
ertain region and haraterized by its entropy, inreases with the surfae of
the region. This is in lear onit to standard non-gravitational theories
where entropy as an extensive variable always inreases with volume. Non-
gravitational theories would thus vastly overount the amount of entropy and
thus the number of modes and degrees of freedom when quantum eets of
gravity beome important. Later studies within a string theory ontext ould
verify a mirosopi origin of the blak hole entropy bound (Strominger &
Vafa 1996). Bousso (2002) generalizes the presription how entropy has to
be determined even on osmologial sales, leading to the Covariant Entropy
Bound. `t Hooft (1993) and Susskind (1995) elevated the entropy bound as
the Holographi Priniple to a new fundamental hypothesis of physis.
A simple intuitive physial mehanism for this holographi redution of
degrees of freedom is related to the idea that eah quantum mode in Eq. (13)
should arry a ertain amount of gravitating energy. If the modes were paked
dense enough, they would immediately ollapse to form a blak hole. The re-
dution of the degrees of freedom omes from the ignorane of these ollapsed
states. Later studies of Cohen, Kaplan & Nelson (1999), Thomas (2002),
and Horvat (2004) made the exlusion of states inside their Shwarzshild
radii more explit whih further strengthen the entropy bound so that a new
estimate of the physial vauum is
ρHOLΛ =
c2
8piG
1
R2EH
≈ 3 · 10−27 kgm−3 , (14)
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where REH is the present event horizon of the Universe. This is, however,
not a solution of the osmologial onstant problem beause gravity and the
exlusion of mirosopi blak hole states were put in by hand and not in
a self-onsistent manner by a theory of quantum gravity. Nevertheless, the
similarity of Eqs. (12) and (14) might be taken as a hint that gravitational
hologpraphy ould be relevant to nd a more omplete theory of physis.
A method to test for onsisteny of present observations with gravitational
holography, is losely related to the fat that gravitational holography as
tested with the Covariant Entropy Bound on osmologial sales is based on
the validity of the Null Energy Condition (NEC). However, in ontrast to
the NEC as disussed in Se. 5 for the total osmi uid, Kaloper & Linde
(1999) ould show that for the Covariane Entropy Bound eah individual
omponent of the osmi substratum must obey
− 1 ≤ wi ≤ +1 . (15)
The problemati omponent is the equation of state of the dark energy. The
observed values summarized in Set. 5 suggest wx = −1.00 ± 0.05 whih is
onsistent with the bound (15). One an take this as the rst onsisteny test
of probably the most important assumption of the Holographi Priniple on
marosopi sales. However, a diret measurement of osmologial entropy
on light sheets as dened in Bousso (2002) is still missing.
Li (2004) reently ombined holographi ideas with DE to `solve' the os-
mologial onstant problem. Applying the stronger entropy bound as sug-
gested by Thomas (1998) and Cohen et al. (1999), and using the osmi
event horizon as a harateristi sale of the Universe, aelerating solutions
of the osmi sale fator at low z ould be found together with relations
between the density of osmi matter and wx as shown in Fig. 9 (left). This
model of holographi DE appears to be quite onsistent with present observa-
tions and was in fat used in Eq. (14) to estimate the density of the physial
vauum.
t'Hooft (1993) and Susskind (1995) give arguments suggesting that M-
theory should satisfy the Holographi Priniple. Horava (1999) in his `on-
servative' approah to M-theory, dened by spei gauge symmetries and
invariane under spaetime dieomorphisms and parity, ould show that the
entropy bound and thus holography emerges quite naturally. Therefore, any
astronomial test supporting gravitational holography more diretly or some
of its basi assumptions like the NEC as desribed above should give impor-
tant hints towards the development of a more omplete theory of physis.
There is a lass of models based on higher dimensions whih follow the
Holographi Priniple. Brane-worlds emerging from the model of Horava &
Witten (1996a,b) are phenomenologial realizations of M-theory ideas. Reent
theoretial investigations onentrate on the Randall & Sundrum (1996a,b)
models where gravity is used in an elegant manner to ompatify the ex-
tra dimension. Some of these models also follow the Holographi Prini-
ple. Here, matter and radiation of the visible Universe are loated on a
(1+3)-dimensional brane. Expressed in a simplied manner, non-gravitational
25
Figure 10: Predited luster power spetra based on matter power spetra of
Rhodes et al. (2003). The eet of the extra-dimension dereases the P (k) am-
plitudes at large sales. The error bars are typial for a DUO-like X-ray luster
survey. In order to show the dierenes more learly, power spetra for eah extra
dimension are slidely shifted relative to eah other along the omoving k axis.
fores, desribed by open strings, are attahed with their endpoints on branes.
Gravity, desribed by losed strings, an propagate also into the (1 + 4)-
dimensional bulk and thus `dilutes' dierently than Newton or Einstein grav-
ity. Table-top experiments of lassial gravity (and BBN) onne the size of
an extra dimension to < 0.16mm (Hoyle et al. 2004). Einstein gravity formu-
lated in a ve dimensional spaetime and ombined with a ve-dimensional
osmi line element arrying the symmetries of the assumed brane-world, an
yield FL-like solutions with the well-known phenomenology at low z (Binetruy
et al. 2000).
The analysis of perturbations in brane-world senarios is not yet fully
understood (Maartens 2004). Diulties arise when perturbations reated
on the brane propagate into the bulk and reat bak onto the brane. Only
on large sales are the omputations under ontrol beause here the eets
of the bakreation are small and an be negleted. It is thus not yet lear,
whether the resulting eets on the power spetrum desribed below are mere
reetions of suh approximations or generi features of higher dimensions.
Brax et al. (2003) and Rhodes et al. (2003) disussed the eets of
extra dimensions on CMB anisotropies and large sale struture formation.
Models with extra dimensions an at low energies be desribed as salar-tensor
theories where the light salar elds (moduli elds) ouple to ordinary matter
in a manner depending on the details of the higher dimensional theory. An
illustration of the expeted eets on the luster power spetrum is given
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in Fig. 10. The error bars are omputed with luster samples seleted from
the Hubble Volume Simulation under the onditions of the DUO wide survey
(P. Shueker, in prep.). It is seen that P (k) gets atter on sales around
300 h−1Mpc with inreasing size of the extra dimension. A areful statistial
analysis shows that more than 30 000 galaxy lusters are needed to learly
detet the presene of an extra dimension on sales below 0.16mm.
7 Summary and onlusions
X-ray galaxy lusters give, in ombination with other measurements, the
observational onstraints and their 1σ errors on the matter density Ωm =
0.31± 0.03, the normalized osmologial onstant ΩΛ = 0.83± 0.23, the nor-
malization of the matter power spetrum σ8 = 0.76±0.10, the neutrino energy
density Ων = 0.006±0.003, the equation of state of the DE wx = −1.00±0.05,
and the linear interation β = 0.10± 0.01 between DE and DM. These esti-
mates suggest a spatially at universe with Ωtot = Ωm +ΩΛ = 1.14± 0.24, as
assumed in many osmologial tests based on galaxy lusters.
They do, however, not provide an overall onsistent physial interpreta-
tion. The problem is related to the low σ8 whih leads to an overestimate of
the neutrino mass ompared to laboratory experiments and to an interation
between DE and DM. Suh a high interation is not onsistent with a DE with
wx = −1.00± 0.05 beause the latter indiates that DE behaves quite similar
to a osmologial onstant whih annot exhange energy beyond gravity.
A more onvining explanation is that σ8 = 0.76 should be regarded as
a lower limit so that DE would be the osmologial onstant without any
nonminimal ouplings. Systemati underestimates of σ8 by 10-20% are not
unexpeted from reent simulations (e.g., Randall et al. 2002, Rasia et al.
2004). Present data do not allow any denite onlusion, espeially in the
light of the partially obsured eets of non-gravitational proesses in galaxy
lusters and beause of our ignorane of a possible time-dependeny of wx.
However, the inlusion of further parameters obviously improves our abilities
for onsisteny heks.
Energy onditions form the bases of many phenomena related to gravity
and holography. M-theory should also ome holographi, as well as brane-
world gravity as a phenomenologial realization of M-theory ideas. Tests of
the resulting osmologies will in the end onfront alternative theories of quan-
tum gravity. Observational tests on osmologial sales as illustrated by the
eets of an extra-dimension on the luster power spetrum probably need the
`ultimate' luster survey, i.e. a ensus of possibly all 106 rih galaxy lusters
whih might exist down to redshifts of z = 2 in the visible Universe.
Aknowledgements: I would like to thank Hans Böhringer and the RE-
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lusters and 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